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Abstract. This paper presents two major components of an automatic
parking assist system (APAS). The APAS maps the environment of the
vehicle and detects the existence of accessible parking place where the
vehicle can park into. The two most important tasks the APAS must
then realize are the design of a feasible path geometry and the tracking
of this reference in closed loop such that the longitudinal velocity of the
vehicle is generated by the driver and the controller determines the steer-
ing wheel angle which is realized by an Electric Steering Assist System
(EPAS). We present in details the solution of the continuous curvature
path planning problem and the time-scaling based tracking controller.
These components are part of an implemented APAS on a commercial
passenger car including an intelligent EPAS.
Keywords. automatic parking assist system, continuous curvature path
planning, tracking control, time-scaling

1 Introduction

An important goal of automatic vehicle control is to improve safety and driver’s
comfort. The APASs provide this for parking maneuvers which are usually per-
formed at low velocities. The APAS collects first information about the envi-
ronment of the vehicle (position of the obstacles) which are necessary to find a
parking lot and to complete a safe parking maneuver [1].

One may distinguish fully or semi-automated APASs according to the driver’s
involvement during the maneuver. In the fully automatic case the APAS influ-
ences both the steering angle and the longitudinal velocity of the car. In the case
of vehicles without automatic gear the semi-automatic APAS is the only avail-
able option. In this case the driver needs to generate the longitudinal velocity of
the car with an appropriate management of the pedals, while the APAS controls
the steering wheel.

There exists now several APASs on the market. The Aisin Seiki Co. Ltd. has
developed a semi-automatic parking system for Toyota [2] where a camera ob-
serves the environment of the car. The Evolve project resulted a fully automatic
APAS for a Volvo type vehicle based on ultrasonic sensor measurements [3]. The
Volkswagen Touran may be ordered with an option that also assists parking
maneuvers [4]. This solution also uses ultrasonic sonars for the semi-automatic



parking maneuvers. We do not address in this paper the map making and park-
ing lot detection procedures and the signal processing problems related to the
map making from distance measurement, and the position and orientation esti-
mation of the car. The first task is realized in our setup using ultrasonic sensors
and the second problem is solved by the use of the angular velocity data of the
ABS sensors of the car.

To design an APAS, a mathematical model of the car has to be given. Several
vehicle models are presented in the literature including kinematic and dynamic
models. Let us suppose that the kinematic models such as the ones reported
in [5–7] describe in a satisfactory way the behavior of the vehicle at low velocities
where parking maneuvers are executed.

If the model of the vehicle is known, then the path planning method and the
tracking controller algorithm can be designed based on the motion equations.
To plan the motion one can use deterministic [8] or probabilistic methods [9, 10]
as well. To get a continuous curvature path special curves should be used [11].
Algorithms based on soft computing methods can also calculate the reference
path [12, 13].

In the case of the semi-automatic systems the design of the tracking con-
troller is more involved than in the fully automatic case. The tracking controller
in the fully automatic case may influence the behavior of the car using two
inputs whereas one losses one input, namely the longitudinal velocity in the
semi-automated case where the car velocity is generated by the driver hence the
velocity profile during the execution of the parking maneuver may be consider-
ably different from the one used for the path planning. This problem is addressed
by [14] using time-scaling.

Our goal was to develop a parking assist system which can operate both in
fully and semi-automatic mode in three different parking situations (parking in
a lane, parking in a row, and diagonal parking [15]).

In this paper we present first the components of the system (Sect. 2). The
kinematic vehicle model is described in Sect. 3 and the path planning and track-
ing controller algorithms are detailed in Sect. 4-6. Section 7 presents some results
based on tests on a real car and a short summary concludes the paper.

2 Components of the System

To ensure autonomous behavior, several tasks have to be solved: the system
should be able to detect obstacles in its environment; it has to measure or esti-
mate its position and orientation; the reference motion has to be planned, and
finally, this reference should be tracked as accurately as possible. These tasks are
performed by separate interconnected subsystems which are depicted in Fig. 1.

The ABS sensors of the vehicle can detect the displacement of the wheels
of the car. Based on these data, an estimator calculates the actual position and
orientation of the car in a fixed word coordinate frame. This estimated state is
used by the mapping and controller modules. To draw a map, additional data are
also required about the environment. Ultrasonic sensors are used to measure the



Autonomous Parking System

Map
constuction

Path
planning

State
estimator

Controller

Vehicle

Distance
measurements

Reference
path Control signals

Parking
place

State of
vehicle

Measured data

Environment

User interface
State of
vehicle

Fig. 1. Components of the Automatic Parking Assist System

distances to the surrounding obstacles. Based on these distance measurements
a map can be created. One may then use simple algorithms to detect accessible
parking places (if any) on the map.

During the motion planning a reference path is calculated which connects
the initial and the desired final configurations. In this planning phase some
constraints (e.g. the non-holonomic behavior described by the model, collision
avoidance, maximal values of the actuator signals) have to be taken into con-
sideration. Finally, the tracking control algorithm is used to track the reference
path.

3 Kinematic Vehicle Model

Both the path planning and tracking control algorithms use the kinematic model
of the vehicle. To calculate the geometry of the path a slightly extended model
is used in order to ensure the continuous curvature property.

As it is usual in the literature, the reference point of the car is the midpoint
of the rear axle denoted by R. The configuration of the vehicle (q) is described
by four state variables: position of the reference point R (x, y), the orientation
of the car ψ, and the curvature (κ), which is the inverse of the turning radius.
Supposing that the Ackermann steering assumptions hold true, the motion of
the vehicle can be described by the kinematic model of the bicycle fitted on the
longitudinal symmetry axis of the car (see Fig. 2):
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The longitudinal velocity of the car is denoted by v and the velocity of the
change in curvature is given by σ. Let us denote the axle space by b. Then we
get the following relationship between the curvature and its derivative:
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Fig. 2. Kinematic model of the vehicle in the x − y plane

κ =
tan δ

b
, σ = κ̇ =

δ̇

b cos2 δ
, (2)

where δ is the angle between the front wheel of the bicycle and the longitudinal
axis of the car. Both the curvature and the curvature derivative are limited, i.e.

|κ| ≤ κmax, |σ| ≤ σmax. (3)

To design the tracking controller we use a simpler version of (1) without the
curvature.
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 v. (4)

In case of the semi-autonomous system the controller cannot consider the
longitudinal velocity of the vehicle as a system input since it is generated by the
driver and cannot be influenced by the controller. In this case we denote this
driver velocity by vd. (We suppose, that this vd velocity can be measured or well
estimated.)
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ẏ
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cosψ
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 vd. (5)

4 Path Planning

The task of the path planning method is to determine the geometry of the
reference path. Our goal is to have reference path with continuous curvature
which avoids stopping the car while steering the front wheels. Further constraints
are the maximal limit on the curvature and on its time derivative, since the
vehicle is not able to turn with arbitrary small turning radius and the change of
the turning radius (or the curvature) is also limited by the applied EPAS system.



To plan such a path which fulfills the above mentioned constraints we use
three different path primitives namely straight lines, circular segments, and con-
tinuous curvature turns (CC turns) [11]. The curvature is zero along a straight
line, in a circular segment it has a nonzero constant value, which does not exceed
a given maximum limit, and the curvature varies linearly with the arc length in
the CC turns.

The geometry of the straight lines or circular segments can be described easily
if their parameters are known (e.g. lengths, turning radius). The calculation is
more complicated in the case of the CC turns. If the motion is started from the
initial configuration q0 = [0, 0, 0, 0]T , the velocity profile is constant (e.g. v = 1),
and the curvature changes with the allowable maximum σmax value, then the
configurations in a CC turn can be described by the following equations:

x =
√

π/σmaxCF

(

√

κ2/(πσmax)
)

, (6)

y =
√

π/σmaxSF

(

√

κ2/(πσmax)
)

, (7)

ψ = κ2/(2σmax), (8)

κ = σmaxt, (9)

where CF and SF denote the Fresnel integrals, which cannot be given in a closed
form. Differentiating (6-9) we can see that these equations fulfill the kinematic
model of the vehicle given in (1).

Using simple mathematical operations for (6-9) we can get the configurations
for motions from different initial configurations with arbitrary constant velocity.
If the values of the Fresnel integrals in (6-7) can be calculated beforehand, then
the remaining computations can be performed in real time [16].

Now we describe how to use the three path primitives to get the reference
trajectory for parking in a lane. In this case we use seven segments to put the
path together (see Fig. 3). Without loss of generality we suppose that the vehicle
starts the motion backwards from the qs = [0, 0, 0, κs]

T initial configuration.
First it moves along a CC turn, until the maximal curvature (or the minimal
turning radius) is reached. Then it turns along a circle with the minimal turning
radius, the corresponding turning angle is denoted by ϕ1. After the next CC
turn the curvature becomes 0, and the car turns in the opposite direction with a
CC turn, a circular motion with turning angle ϕ2 and one more CC turn, such
that the curvature becomes 0 again. The path ends with a straight line segment
whose length is denoted by l.

Such a path has three parameters: the turning angles in the circular segments
(ϕ1, ϕ2) and the length of the straight line (l). If these parameters are known,
the geometry of the path can be calculated and the goal configuration can be
determined:
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Fig. 3. Reference path for parking in a lane

The values of the path parameters can be determined from the desired
goal configuration (qd) by solving the qd = qg equation. So the full reference
path can be calculated, and the reference values for the configuration (qref =
[xref , yref , ψref , κref ]T ) and its time derivatives can be determined.

5 Time-Scaling

During the path planning we considered a preliminary reference velocity profile
and to avoid involved calculations we supposed that it is constant (e.g. v = 1).
Since the driver will generate another velocity profile (vd 6= v), it is enough if one
is able to track the geometry of the reference of the designed path and the time
distribution along the path will be adapted in real-time to the velocity profile
generated by the driver.

In the above equations the states of the configuration q were functions of
time t, where ṫ = 1. In a more general form we have a state equation

q̇(t) = f(q(t), u(t), w(t)), (11)

where u is the vector of the inputs and w denotes the external signals. In our
case, which is given by (5), we have u = δ and w = vd.

We introduce a new scaled time denoted by τ such that τ is used to modify
the time distribution along the path. We suggest that the relationship between
t and τ should not only depend on the states of the car (as it is usually made
in the literature [17]), but also on a new external input, denoted by us which is
the so-called scaling input:

dt

dτ
=

1

τ̇
= g(q, us, w). (12)



Using this time-scaling (11) can be expressed with respect to the time τ :

q′ =
dq

dτ
=
dq

dt

dt

dτ
= g(q, us, w)f(q, u, w). (13)

The prime denotes differentiation according to τ , hence τ ′ = 1.
The time-scaling defined in (12) has to satisfy some conditions:

– τ(0) = t(0) = 0, since the original and the scaled trajectories should start
from the same initial configuration;

– τ̇ > 0, since time cannot stand or rewind.

During the time-scaling we modify the time distribution along the reference
path, which was planned in time τ :

xref (t) = xref (τ), (14)

ẋref (t) = x′ref (τ)τ̇ , (15)

ẍref (t) = x′′ref (τ)τ̇2 + x′ref (τ)τ̈ . (16)

The further derivatives and the other state variables can be calculated in t in a
similar way. It can be seen from (14) that the time-scaling does not change the
geometry of the reference path, only the velocity and the further derivatives are
modified if τ̇ 6= 1.

6 Tracking Control

In this section only some key features of the tracking controller are discussed,
the entire algorithm can be found in details in [14]. The literature suggests sev-
eral solutions [13, 18] to control the two-input kinematic car given in (4). These
methods ensure exponential tracking of the reference path. In our one-input case
these algorithms cannot be used without modification since our controller cannot
influence the velocity of the vehicle. Our idea is to complement the lost velocity
input by the time-scaling input as in (13).

For, the following time-scaling function can be used:

dt

dτ
=
us

vd

. (17)

In this case the model equation given in (5) which evolves according to t can be
transformed using the time-scaling, and we get

q′ =





x′

y′
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 =





cosψ
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tan δ

b



us. (18)

This scaled model has now two inputs (us and δ), hence one of the controllers
described in the literature can be used for tracking. The selected method will



compute δ and us according to the tracking error between the real and the scaled
reference trajectories. This δ input is used to control the EPAS steering system
and the scaling input us influences the time-scaling. The time-scaling function
and its derivatives, which are required for (14-16), can be calculated using the
following relationships, which are based on (17)

τ(t) =

∫ t

0

vd

us

dϑ, τ(0) = t(0) = 0, (19)

vd = τ̇us, (20)

v̇d = τ̈us + τ̇ u̇s. (21)

If the signs of us and vd are the same than the time-scaling function satisfies the
τ̇ > 0 condition. If one of the two signals equals 0, the car is not controllable.
This occurs at the very beginning and at the end of the motion.

The scheme of the closed loop control is depicted in Fig. 4. First the path
planning module calculates the reference path in τ . In the next step this refer-
ence is scaled based on the longitudinal velocity of the car vd, which is generated
by the driver, and based on the scaling input us, which is calculated by the con-
troller. After the time-scaling we have the scaled reference in t. The controller
determines its outputs using the difference between the real and the scaled ref-
erence trajectories. So the inputs of the vehicle are the longitudinal velocity vd

generated by the driver, and δ, which is calculated by the controller. The output
of the car is the position of the reference point and the orientation.
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Fig. 4. Scheme of the tracking controller with time-scaling

7 Results

We implemented the presented methods on a Ford Focus type passenger car (see
Fig. 5) using an EPAS provided by ThyssenKrupp to realize the steering angle
for the front wheels. Both the path planner and tracking controller were realized



Fig. 5. Ford Focus

on a dSPACE hardware (dedicated Autobox) mounted in the car and connected
to the EPAS actuator and to the CAN bus to read the ABS signals.

The presented motion is continuous curvature forward parking maneuver.
The results are depicted in Fig. 6. The system is able to track the reference
path, such that the velocity of the car is not constant, as it was supposed during
the path planning.
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Fig. 6. Results: path in the x − y plane, inputs of the car vd, δ

8 Conclusions

This paper discussed two components of an APAS. The presented path planning
method can calculate a continuous curvature path in real time. The time-scaling
tracking controller is able to drive the car along the reference path such that the
driver generates the car velocity. The time-scaling function can be calculated
from the velocity of the car and from a scaling input, which is calculated by
the controller based on the closed loop behavior. The presented algorithms were
tested in a real car with encouraging results.
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